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Top-quark pole mass in the tadpole-free MS scheme
Stephen P. Martin
Department of Physics, Northern Illinois University, DeKalb IL 60115
The complex pole mass of the top quark is presented at full two-loop order
in the Standard Model, augmenting the known four-loop QCD contributions.
The input parameters are the MS Yukawa and gauge couplings, the Higgs self-
coupling, and the Higgs vacuum expectation value (VEV). Here, the VEV is
defined as the minimum of the full effective potential in Landau gauge, so that
tadpoles vanish. This is an alternative to earlier results that instead minimize
the tree-level potential, resulting in a VEV that is gauge-fixing independent
but accompanied by negative powers of the Higgs self-coupling in perturba-
tive expansions. The effects of non-zero Goldstone boson mass are eliminated
by resummation. I also study the renormalization scale dependence of the
calculated pole mass.
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I. INTRODUCTION
The top-quark mass is one of the key parameters of the Standard Model of particle physics.
It is important for precision electroweak fits, and for matching of the Standard Model to
ultraviolet physics, including both stability of the electroweak vacuum and theories that
attempt to address the hierarchy problem.
In this paper, I will consider the relation between the MS Lagrangian quantities and
the complex pole squared mass, which formally is a physical observable [1–4] and does
not depend on the choice of gauge fixing terms or on the renormalization scheme and the
renormalization scale to all orders in perturbation theory, but is subject to non-perturbative
renormalon ambiguities associated with the hadronization scale [5, 6]. The relationship
2between the pole mass and the top-quark mass as measured by hadron collider experiment
collaborations is somewhat problematic and is the subject of continuing investigations [7]. In
the approximation that the width of the top-quark is neglected, the real part of the complex
pole squared mass coincides with the on-shell squared mass. There exist several other
useful definitions of the top-quark mass, depending on the precise relation to experimental
quantities. These include the the potential-subtracted mass [8], the 1S mass [9, 10], and the
running MS mass.
In this paper, I consider the relation between the top-quark pole mass and the the MS
Lagrangian quantities. Many previous works have contributed to this subject. First, the
pure QCD contributions have been given at 1-loop order [1], 2-loop order [11] (confirmed
in [12, 13]), 3-loop order [14] (with previous approximate results in [15, 16], and a useful
summary of formulas in [17]), and 4-loop order [18]. Besides these pure QCD contributions,
the full 1-loop contributions to the pole mass have been given in ref. [19] (see also ref. [20]
and eq. (B.5) of ref. [21]). The 2-loop mixed QCD contributions were found in [22], and
confirmed in ref. [23]. The full 2-loop contributions have been studied in the gaugeless limit
(with the electroweak vector boson masses neglected compared to the top-quark mass) in
refs. [24–28]. Most recently the full 2-loop results were given in ref. [29].
The purpose of the present paper is to give an alternative calculation of the full 2-loop
contributions to the top-quark pole mass, using a different organization of perturbation
theory than in the above references. Note that the definition of the running MS top-quark
mass is not unique for a given renormalization scale Q, because the mass is proportional to
the Higgs VEV, which can be defined in more than one way. One way, called the “tree-level
VEV” here, is
vtree =
√
−m2/λ, (1.1)
where λ and m2 are the Higgs self-coupling and squared mass parameter in the MS scheme,
normalized so that the tree-level MS renormalized potential for the canonically normalized
complex Higgs doublet field Φ is
V (Φ,Φ†) = m2Φ†Φ + λ(Φ†Φ)2. (1.2)
An advantage of vtree, emphasized for example in refs. [29, 30], is that it and the corre-
sponding tree-level mass mt = ytvtree/
√
2 are manifestly independent of the gauge-fixing
procedure, due to the way that they are defined in terms of the MS Lagrangian parameters.
A disadvantage is that, although there are no tree-level tadpoles, there are tadpole loop
diagrams involving the Higgs field, which have to be included in any calculation based on
vtree or mt. As a consequence, the perturbative loop expansion parameters include
Ncy
4
t /(16π
2λ) (1.3)
3rather than the usual Ncy
2
t /16π
2. The presence of powers of λ ≈ 0.126 in the denominators
of perturbative expansions is due to the tadpoles, and is indicative of the fact that the tree-
level VEV is not a very good approximation for the true vacuum state of the theory after
including loop corrections. For example, in ref. [30], it was noted that when using vtree, the
1-loop non-QCD correction is surprisingly huge, almost canceling the 1-loop QCD effect,
due to the 1/λ tadpole effects.
In this paper, I follow the alternative scheme of defining the running MS squared masses
of the top quark, bottom quark, electroweak vector bosons, and the Higgs scalar boson by
t = y2t v
2/2, (1.4)
b = y2bv
2/2, (1.5)
W = g2v2/4, (1.6)
Z = (g2 + g′2)v2/4, (1.7)
h = 2λv2 (1.8)
where the the VEV v of the Higgs field is defined to be the minimum of the full effective
potential in Landau gauge. As a benefit of this definition, the sum of all Higgs tadpole
graphs, including the tree-level Higgs tadpole, vanishes identically. The price to be paid
for this is that the VEV v, and therefore also t and the other tree-level masses, depend
on the gauge-fixing method. Therefore, calculations based on v are restricted to Landau
gauge in the electroweak sector (or any other gauge-fixing choice; Landau gauge is chosen
only because the effective potential is simple). Although one therefore apparently loses the
check of requiring independence of the gauge-fixing parameters, the checks obtained from
the cancellation of the unphysical Landau gauge Goldstone boson degrees of freedom from
the complex pole squared mass (and other observables) are just as powerful. A benefit of
this definition of the VEV is that v is in some sense a more faithful description of the true
vacuum state. Negative powers of λ are absent in perturbative expansions of pole masses
and other physical quantities. Indeed, this provides another useful check.
As a practical matter, the Standard Model effective potential is now known at full 2-loop
order [31], together with the 3-loop contributions in the approximation that QCD and top-
Yukawa couplings are large compared to all other couplings [32], and the 4-loop contributions
at leading order in QCD [33], and with resummation of the Goldstone boson contributions
[34, 35] (see also [36]) to avoid spurious infrared singularities and imaginary parts. As a
consequence, one can write a loop expansion for the relationship between the two VEVs,
showing the tadpole contributions explicitly,
v2tree = v
2 +
1
λ
∞∑
ℓ=1
1
(16π2)ℓ
∆̂ℓ, (1.9)
where ∆̂1 and ∆̂2 are known exactly, and ∆̂3 is known in the approximation that the QCD
4coupling and top Yukawa coupling are much larger than the other couplings. They are given
in eqs. (4.19)-(4.21) of ref. [34]. Also, ∆̂4 is known only at leading order in QCD; this is
given in eq. (5.5) of ref. [33].
The methods and results of the present paper are designed to be compatible with similar
full 2-loop calculations of the complex pole squared masses of the Higgs scalar (with leading
3-loop contributions) in ref. [37], theW boson in ref. [38], and the Z boson in ref. [39]. All of
these use the same VEV definition v, as an alternative to similar results that are expressed
in terms of vtree, or parameterized in terms of other quantities such as the Fermi constant
GF . For important previous results on the electroweak vector boson masses and the Higgs
mass in the Standard Model using other schemes, see [40]-[68].
The input parameters here are taken to be the MS top-quark and bottom-quark Yukawa
couplings, the SU(3)c, SU(2)L and U(1)Y gauge couplings, the Higgs self-coupling, and the
VEV as discussed above:
yt, yb, g3, g, g
′, λ, v, (1.10)
all at a specified renormalization scale Q. In principle, the result also depends on the lighter
quark and lepton Yukawa couplings (or masses), but their contributions are very small, with
the largest contribution coming from the 2-loop QCD contribution of the bottom quark
mass, as noted below. The effects of CKM mixing on the top-quark pole mass calculation
are also negligible. The W , Z, and h physical masses, as well as quantities such as GF and
sin2 θW , are all regarded as output quantities in this pure MS scheme adopted here.
In the following, the complex pole squared mass† is denoted by
spole = M
2
t − iΓtMt. (1.11)
Methods for calculating the complex pole mass at higher orders in perturbation theory from
the fermion self-energy components are well-known, and given in various ways in several
of the references mentioned above. In this paper, I use the 2-component fermion notation
of ref. [69], and followed the procedure outlined in [27]. Defining the 2-component fermion
self-energy functions as in figure 1.1, the complex pole mass is the solution of
0 = Det
(
spole − [1− ΣL(spole)]−1[m+ Ω(spole)][1− ΣR(spole)]−1[m+ Ω(spole)]
)
, (1.12)
where m is the tree-level quark mass. In the case of the top quark with the approximation
of this paper that the CKM mixing is absent, the self-energy functions are numbers, not
matrices in flavor space, and the absence of complex couplings implies that Ω = Ω. The
† The pole squared mass is sometimes parameterized instead as spole = (M
′
t
− iΓ′
t
/2)2, but M ′
t
exceeds Mt
by less than 2 MeV, which is negligible compared to both experimental and theoretical uncertainties.
5p
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FIG. 1.1: Fermion one-particle-irreducible self-energy functions ΣL(s), ΣR(s), Ω(s), and Ω(s),
using 2-component notation following ref. [69]. Here the external momentum invariant is s = −p2,
using a metric signature (−,+,+,+). The 2-component fields t and t are the left-handed SU(2)L
doublet quark and singlet antiquark, respectively, and t, t†, t, and t
†
are labeled as ingoing.
loop expansion of the self-energy functions is:
ΣL =
1
16π2
Σ
(1)
L +
1
(16π2)2
Σ
(2)
L + . . . (1.13)
ΣR =
1
16π2
Σ
(1)
R +
1
(16π2)2
Σ
(2)
R + . . . (1.14)
Ω =
1
16π2
Ω(1) +
1
(16π2)2
Ω(2) + . . . , (1.15)
and it follows that the complex pole mass is the solution of
spole = m
2 +
1
16π2
Π(1)(spole) +
1
(16π2)2
Π(2)(spole) + . . . , (1.16)
where
Π(1)(s) = m2
[
Σ
(1)
L (s) + Σ
(1)
R (s)
]
+ 2mΩ(1)(s), (1.17)
Π(2)(s) = m2
[
Σ
(2)
L (s) + Σ
(2)
R (s) + Σ
(1)
L (s)Σ
(1)
R (s) + (Σ
(1)
L (s))
2 + (Σ
(1)
R (s))
2
]
+2m
[
Ω(2)(s) + Ω(1)(s)(Σ
(1)
L (s) + Σ
(1)
R (s))
]
+
[
Ω(1)(s)
]2
. (1.18)
Now, expanding spole about m
2, one obtains
spole = m
2 +
1
16π2
Π(1)(m2) +
1
(16π2)2
[
Π(2)(m2) + Π(1)(m2) Π(1)′(m2)
]
+ . . . , (1.19)
The remaining part of the calculation is very similar to the strategy used in refs. [37–
39], so the reader is referred to those papers for more details, and only a brief outline will
be given here. The fermion self-energy functions are computed in terms of bare couplings
and masses in d = 4 − 2ǫ dimensions, and then the bare quantities are expanded in terms
of renormalized MS quantities. This is more efficient than doing counterterm diagrams
6h Z
t t
Z
t t
h Z
t t
G0
t t
h G
0
t t
Z
t t
h G
0
t t
G0
t t
FIG. 1.2: Feynman diagrams that individually involve the basis integrals M(h,Z, t, t, 0) and
M(h, 0, t, t, Z) and M(h, 0, t, t, 0), coming from the unphysical degrees of freedom from the Z
and the neutral Goldstone boson. In the total pole squared mass, the contributions proportional
to each of those basis integrals cancel.
separately. The Tarasov algorithm [70] is then used to reduce the loop integrals to a set
of basis functions, for which I use the conventions and notations of refs. [71, 72], with 1-
loop basis integrals A(x) ≡ xln(x) − x and B(x, y) and 2-loop basis integrals I(x, y, z),
S(x, y, z), T (x, y, z), T (0, x, y), U(x, y, z, u), and M(x, y, z, u, v). Here x, y, z . . . are squared
mass arguments, and there are also implicit arguments for the external momentum invariant
s and the renormalization scale Q, and
ln(x) ≡ ln(x/Q2). (1.20)
The software package TSIL [72] is used to evaluate the basis integral functions. In some cases,
the basis integrals can be evaluated analytically in terms of polylogarithms, which TSIL does
using results from refs. [11, 13, 22, 71–79]. When this is not possible, TSIL instead computes
the basis integrals by Runge-Kutta integration of the differential equations in the external
momentum invariant s as found in ref. [71], using methods similar to those in refs. [80]. The
1-loop self-energy functions of s are then expanded around the tree-level squared mass t.
Due to the presence of the massless gluon and photon, this expansion results in threshold
logarithms ln(t − s), which cancel against 2-loop contributions, providing a useful check.
Another important and non-trivial check is the cancellation of poles in ǫ.
The resulting expression depends on the tree-level Goldstone boson squared mass G =
m2 + λv2 and the Higgs boson squared mass H = m2 + 3λv2. Following the procedure in
section IV of ref. [34], the Goldstone boson squared mass contributions are resummed, elim-
inating G completely, and eliminating H in favor of h defined in eq. (1.8), so that the Higgs
boson squared mass parameter m2 does not appear in the resulting expression. Another
useful check is the absence of singularities as G→ 0. Finally, in the remaining expressions,
yet another useful check is provided by the cancellation between the Goldstone contribu-
tions and the unphysical components of the electroweak vector bosons. For one example,
consider the Feynman diagrams shown in figure 1.2. The contributions to spole from these
individual diagrams from the neutral Goldstone boson G0 and from the unphysical degrees
of freedom of the Z boson involve the basis integrals M(h, Z, t, t, 0) and M(h, 0, t, t, Z) and
M(h, 0, t, t, 0). However, in the sum, those unphysical contributions cancel, and these basis
integrals do not appear at all in the result for the pole squared mass. This, along with many
other similar cases, illustrates how gauge invariance provides non-trivial checks, despite the
7calculation being restricted to Landau gauge.
The rest of this paper is organized as follows. In section II, results are presented for
the full 2-loop complex pole mass of the top-quark, together with a review of the known
4-loop pure QCD results in a compatible form, using an expansion in which the external
momentum invariant for the loop integrals is the tree-level squared mass t. In section III, the
same results are presented after a re-expansion in which the external momentum invariant
for the loop basis integrals is (the real part of) the top-quark pole squared mass. These two
expansions differ by amounts that are formally of 5-loop order in pure QCD and 3-loop order
for other terms. In section IV, I compare these two expansions for a realistic set of numerical
input parameters, which provides a test of the unavoidable arbitrariness associated with the
truncation of perturbation theory. I also study the renormalization scale dependence of the
approximation. Section V contains some concluding remarks. Some integral identities that
were useful for the calculation are recorded in an Appendix.
II. COMPLEX POLE SQUARED MASS OF THE TOP-QUARK
In this section, the complex pole squared mass of the top-quark is written in the form:
spole = t +
1
16π2
[
g23δ
(1)
QCD + δ
(1)
non−QCD
]
+
1
(16π2)2
[
g43δ
(2)
QCD + g
2
3δ
(2)
mixed + δ
(2)
non−QCD
]
+
1
(16π2)3
g63δ
(3)
QCD +
1
(16π2)4
g83δ
(4)
QCD + . . . , (2.1)
where t = y2t v
2/2 is the tree-level squared mass, with v taken to minimize the full loop-
corrected Landau gauge effective potential. In this section, all of the basis loop integrals
are implicitly taken to be evaluated with the external squared momentum invariant set to
s = t. I begin by reviewing the known pure QCD results. At 1-loop and 2-loop order, one
has [1, 11]:
δ
(1)
QCD = CF t[8 − 6ln(t)], (2.2)
δ
(2)
QCD = CF t
[
CG
(1111
12
− 8π
2
3
+ 8π2 ln(2)− 12ζ3 − 185
3
ln(t) + 11ln
2
(t)
)
+CF
(
−7
4
+ 10π2 − 16π2 ln(2) + 24ζ3 − 15ln(t) + 18ln2(t)
)
+TF
nq∑
i=1
{
4(1− qi/t)
[
T (qi, qi, t) + ln(qi)[2− ln(t)]
]
−4(1 + qi/t)U(t, 0, qi, qi)− 4(qi/t)[2ln(qi) + 1] + [4ln(t) + 1]/3
}]
, (2.3)
8where the QCD group theory quantities are
CG = 3, CF = 4/3, TF = 1/2, nq = 6, (2.4)
and the qi are the quark squared masses. For qi = t, one has (for s = t):
U(t, 0, t, t) =
11
2
− 2π
2
3
− 3ln(t) + 1
2
ln
2
(t). (2.5)
When qi is a lighter quark squared mass, the integrals T (q, q, t) and U(t, 0, q, q) for s = t are
known [11, 72, 76, 77] in terms of dilogarithms, but it is practical to expand them for small
quark masses:
T (q, q, t) = −ln(q)[2− ln(t)]− 1
2
− π
2
3
+ ln(t)− 1
2
ln
2
(t) +O(q/t), (2.6)
U(t, 0, q, q) =
11
2
+
π2
3
− 3ln(t) + 1
2
ln
2
(t)− 2π2
√
q/t+O(q/t). (2.7)
The leading correction due to small non-zero quark masses thus is of order mq/mt and comes
only from the U(t, 0, q, q) integral. Plugging in the group theory quantities, and keeping only
the leading part in the light-quark mass expansion, one obtains:
δ
(2)
QCD = t
[
2309/9 + 16π2/9 + 32π2 ln(2)/9− 16ζ3/3− 204ln(t) + 60ln2(t)
+
16π2
3
∑
q=b,c,s...
mq/mt +O(m2q/m2t )
]
. (2.8)
Here it is not clear whether it is best to use pole or running masses formq, since the resulting
difference for spole between these choices is of the same parametric order as the presently
unknown dependence of the 3-loop corrections on the lighter quark masses. However, even
if one uses
∑
qmq = 7 GeV, the net effect is to raise the top-quark pole mass by only about
14 MeV, which is small compared to both experimental and other theoretical uncertainties.
The 3-loop and 4-loop pure-QCD contributions can be written in the forms:
δ
(3)
QCD = t
[
c3,0 + c3,1ln(t) + c3,2ln
2
(t) + c3,3ln
3
(t)
]
, (2.9)
δ
(4)
QCD = t
[
c4,0 + c4,1ln(t) + c4,2ln
2
(t) + c4,3ln
3
(t) + c4,4ln
4
(t)
]
, (2.10)
where the 3-loop results from [14] are
c3,0 = 551909/81 + 1589684π
2/1215 + 700π4/81− 42304π2 ln(2)/81
−512π2 ln2(2)/27− 320 ln4(2)/9− (2560/3)Li4(1/2)− 13328ζ3/9
9−11512π2ζ3/27 + 31600ζ5/27, (2.11)
c3,1 = −53696/9− 352π2/9− 704π2 ln(2)/9 + 2272ζ3/3, (2.12)
c3,2 = 2300, (2.13)
c3,3 = −440, (2.14)
while the 4-loop coefficients are [18]
c4,0 = (4.91± 0.11)× 105, (2.15)
c4,1 = −5110172/27− 46066276π2/1215− 26348π4/81 + 1231424π2 ln(2)/81
+14848π2 ln2(2)/27 + 9280 ln4(2)/9 + (74240/3)Li4(1/2)
+1824176ζ3/27 + 333848π
2ζ3/27− 1103600ζ5/27, (2.16)
c4,2 = 750374/9 + 5104π
2/9 + 320π2 ln(2)/9 + 3296π2 ln(2)/3− 40624ζ3/3, (2.17)
c4,3 = −65740/3, (2.18)
c4,4 = 3190. (2.19)
The above coefficients that are associated with logarithms of Q (c3,n and c4,n with n ≥ 1)
follow from the corresponding beta functions for g3 at 2-loop [81] and 3-loop [82] order
and for yt at 2-loop [83], 3-loop [84, 85] and 4-loop [86, 87] order. Note that the 4-loop
non-logarithmic contribution of eq. (2.15) is only known numerically at present, with an
uncertainty from numerical integration [18, 88]. The results given above are equivalent to
those found in refs. [1, 11, 14, 18], but are cosmetically different because the expansion in
the present paper is for the pole squared mass written in terms of the tree-level squared
mass. The actual difference is of 5-loop order.
The 1-loop non-QCD contribution to the top-quark pole-squared mass can be obtained
straightforwardly as:
δ
(1)
non−QCD = Q
2
t e
2t[8 − 6ln(t)] + g
2
4
{
[2W − b− t− (b− t)2/W ]B(b,W )
+(2W − t+ b)A(W )/W + 2t− 2A(b)
}
+
[(
I t3
)2
(g2 + g′2)
−2I t3Qtg′2 + 2Q2tg′4/(g2 + g′2)
]
[(Z − t)B(t, Z) + A(Z)−A(t) + t]
+2Qtg
′2
[−I t3 +Qtg′2/(g2 + g′2)] t[3B(t, Z)− 2] +
+y2t [(h− 4t)B(h, t) + A(h)− 2A(t)−A(b)]/2 − y2bA(b)/2, (2.20)
where e = gg′/
√
g2 + g′2 and
Qt = 2/3, I
t
3 = 1/2 (2.21)
are the electric charge and third component of weak isospin for the top quark. In eq. (2.20),
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I have kept the contributions from a non-zero bottom-quark Yukawa coupling, but it is
completely negligible in practice. This is partly because the leading dependence on b of
eq. (2.20) is of order b/t, not
√
b/t as in the 2-loop QCD contribution of eq. (2.8).
The 2-loop mixed and non-QCD contributions, δ
(2)
mixed and δ
(2)
non−QCD in eq. (2.1), both
have the form:
∑
j
c
(2)
j I
(2)
j +
∑
j≤k
c
(1,1)
j,k I
(1)
j I
(1)
k +
∑
j
c
(1)
j I
(1)
j + c
(0), (2.22)
where I(1) and I(2) are lists of 1-loop and 2-loop basis integrals defined in the conventions of
[71, 72], and the coefficients c
(2)
j and c
(1,1)
j,k and c
(1)
j and c
(0) consist of rational functions of the
tree-level squared masses t, Z,W, h, multiplied by a global factor of 1/v2 for δ
(2)
mixed and 1/v
4
for δ
(2)
non−QCD. These coefficients are the main new results of this paper. However, they are
complicated, and in practice will be evaluated by computer, so these results are relegated to
ancillary electronic files. For both the mixed and non-QCD 2-loop contributions, I set the
lighter quark and lepton Yukawa couplings to 0, so the list of necessary 1-loop basis integrals
is:
I(1) = {A(h), A(t), A(W ), A(Z), B(h, t), B(t, Z), B(0,W )}, (2.23)
The list of 2-loop integrals needed for the mixed contributions is
I
(2)
mixed = {ζ2, I(0, t,W ), I(h, t, t), I(t, t, Z), M(0, 0, t,W, 0), M(0, t, t, 0, t),
M(0, t, t, h, t), M(0, t, t, Z, t), T (h, 0, t), T (W, 0, 0), T (Z, 0, t), T (0, 0,W ),
T (0, h, t), T (0, t, Z), U(0,W, 0, t), U(t, h, t, t), U(t, Z, t, t)}, (2.24)
while the 2-loop basis for the non-QCD case contains 49 additional integrals:
I
(2)
non−QCD = I
(2)
mixed ∪ {I(0, h,W ), I(0, h, Z), I(0,W, Z), I(h, h, h), I(h,W,W ),
I(h, Z, Z), I(W,W,Z), M(0, 0,W,W, 0), M(0, 0,W,W,Z),
M(0, t,W, 0,W ), M(0, t,W, h,W ), M(0, t,W, Z,W ), M(0, Z,W, t, 0),
M(h, h, t, t, h), M(h, t, t, h, t), M(h, t, t, Z, t), M(h, Z, t, t, Z),
M(t, t, Z, Z, h), M(t, Z, Z, t, t), S(0, 0, 0), S(0, h,W ), T (h, 0,W ),
T (h, h, t), T (h, t, Z), T (t, h, Z), T (W, 0, h), T (W, 0, Z), T (W, t,W ),
T (Z, 0,W ), T (Z, h, t), T (Z, t, Z), U(0,W, 0, 0), U(0,W, h,W ),
U(0,W,W,Z), U(h, t, 0,W ), U(h, t, h, t), U(h, t, t, Z), U(t, 0,W,W ),
U(t, h, h, h), U(t, h,W,W ), U(t, h, Z, Z), U(t, Z, 0, 0), U(t, Z, h, Z),
U(t, Z,W,W ), U(W, 0, 0, h), U(W, 0, 0, Z), U(Z, t, 0,W ),
11
U(Z, t, h, t), U(Z, t, t, Z)}. (2.25)
The expressions for δ
(2)
mixed and for δ
(2)
non−QCD are provided in ancillary files called
delta2mixed secII.txt and delta2nonQCD secII.txt, respectively. These files are avail-
able with the arXiv submission for this paper. It should be noted that the presentation of
these results is not unique, because of the existence of identities that hold between different
basis integrals when the squared mass arguments are not generic. The relevant identities
are listed in the Appendix.
III. RE-EXPANSION OF THE POLE SQUARED MASS
The results of the previous section can be rewritten by self-consistently re-expanding the
loop integrals that depend on t, writing them instead in terms of the real part of the pole
squared mass,
T ≡ Re[spole]. (3.1)
The resulting expression is written as
spole = t +
1
16π2
[
g23∆
(1)
QCD +∆
(1)
non−QCD
]
+
1
(16π2)2
[
g43∆
(2)
QCD + g
2
3∆
(2)
mixed +∆
(2)
non−QCD
]
+
1
(16π2)3
g63∆
(3)
QCD +
1
(16π2)4
g83∆
(4)
QCD + . . . (3.2)
and differs from the results of the preceding section by amounts of higher order, namely
5-loop order in the pure QCD part, and 3-loop order in the other parts. The pure QCD
contributions are easily obtained from the results of the preceding section, or directly from
refs. [1, 11, 14, 18]:
∆
(1)
QCD = T [32/3− 8ln(T )], (3.3)
∆
(2)
QCD = T
[
2053/9 + 16π2/9 + 32π2 ln(2)/9− 16ζ3/3− (292/3)ln(T )− 4ln2(T )
+
16π2
3
∑
q=b,c,s...
Mq/Mt +O(M2q /M2t )
]
, (3.4)
∆
(3)
QCD = T
[
a3,0 + a3,1ln(T ) + a3,2ln
2
(T ) + a3,3ln
3
(T )
]
, (3.5)
∆
(4)
QCD = T
[
a4,0 + a4,1ln(T ) + a4,2ln
2
(T ) + a4,3ln
3
(T ) + a4,4ln
4
(T )
]
, (3.6)
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where the 3-loop coefficients are:
a3,0 = 420365/81 + 1560884π
2/1215 + 700π4/81− 46144π2 ln(2)/81
−512π2 ln2(2)/27− 320 ln4(2)/9− (2560/3)Li4(1/2)− 12688ζ3/9
−11512π2ζ3/27 + 31600ζ5/27, (3.7)
a3,1 = −5648/3− 32π2/3− 64π2 ln(2)/3 + 672ζ3, (3.8)
a3,2 = −36, (3.9)
a3,3 = 8, (3.10)
and the 4-loop coefficients are:
a4,0 = (3.64± 0.11)× 105, (3.11)
a4,1 = −4581172/81− 20170532π2/1215− 15148π4/81 + 616000π2 ln(2)/81
+6656π2 ln2(2)/27 + 4160 ln4(2)/9 + (33280/3)Li4(1/2)
+1061552ζ3/27 + 149656π
2ζ3/27− 598000ζ5/27, (3.12)
a4,2 = 11482/3 + 208π
2/3− 960π2 ln(2) + 3296π2 ln(2)/3− 1808ζ3, (3.13)
a4,3 = 244/3, (3.14)
a4,4 = −26. (3.15)
The 1-loop non-QCD part has the same form as eq. (2.20) with the replacement t→ T :
∆
(1)
non−QCD = Q
2
t e
2T [8− 6ln(T )] + g
2
4
{
[2W − b− T − (b− T )2/W ]B(b,W )
+(2W − T + b)A(W )/W + 2T − 2A(b)
}
+
[(
I t3
)2
(g2 + g′2)
−2I t3Qtg′2 + 2Q2tg′4/(g2 + g′2)
]
[(Z − T )B(T, Z) + A(Z)−A(T ) + T ]
+2Qtg
′2
[−I t3 + Qtg′2/(g2 + g′2)]T [3B(T, Z)− 2] +
+y2t [(h− 4T )B(h, T ) + A(h)− 2A(T )− A(b)]/2− y2bA(b)/2. (3.16)
The 2-loop parts below absorb the residual terms from the expansion of t about T ,
t = T − 1
16π2
(
g23∆
(1)
QCD + Re[∆
(1)
non−QCD]
)
+ . . . . (3.17)
Note that in eq. (3.16) I have chosen to keep the vertex coupling yt as it is; only the 1-
loop t’s that come from propagators of loop integrals are re-expanded in terms of T . This
choice affects the residual terms that are absorbed into the 2-loop parts, and is somewhat
arbitrary, but is motivated by the idea that resumming the internal top-quark propagators
in the diagram should result in poles close to the on-shell mass, but there is no reason why
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the vertex yt’s should resum in the same way.
The resulting 2-loop mixed and non-QCD contributions, ∆
(2)
mixed and ∆
(2)
non−QCD, have
the same form as eq. (2.22) in the previous section, but now the lists of necessary basis
integrals I(1) and I
(2)
mixed and I
(2)
non−QCD are obtained from those given in the previous section by
replacing t by T everywhere, including as the implicit external momentum squared argument
of the loop integral functions.† In addition, the list I(1) used in the 2-loop parts must be
augmented to include the real part of B(0,W ):
I(1) = {A(h), A(T ), A(W ), A(Z), B(h, T ), B(T, Z), B(0,W ), Re[B(0,W )]}. (3.18)
The reason for this addition is that the re-expansion of t in terms of T , eq. (3.17), involves
the real part of ∆
(1)
non−QCD. The only complex part of ∆
(1)
non−QCD is proportional to the basis
integral B(0,W ), which has an imaginary part corresponding to the 2-body decay t→ bW .
The new coefficients c
(2)
j and c
(1,1)
j,k and c
(1)
j and c
(0) are now rational functions of T,W,Z, h,
multiplied by a factor of 1/v2 for ∆
(2)
mixed and 1/v
4 for ∆
(2)
non−QCD. These results are given in an-
cillary electronic files, Delta2mixed secIII.txt and Delta2nonQCD secIII.txt, included
with the arXiv submission for this paper. As in the previous section, the presentation of
these results is not unique because of the basis loop integral identities given in the Appendix.
IV. NUMERICAL RESULTS
For the purposes of a numerical illustration of the results obtained above, consider a set
of Standard Model benchmark MS parameters
yt(Q0) = 0.93690, (4.1)
g3(Q0) = 1.1666, (4.2)
g(Q0) = 0.647550, (4.3)
g′(Q0) = 0.358521, (4.4)
λ(Q0) = 0.12597, (4.5)
v(Q0) = 246.647 GeV, (4.6)
† However, note that in the 2-loop parts ∆
(2)
mixed and ∆
(2)
non−QCD, one could justify using T and t interchange-
ably, because the difference is of higher order and thus formally comparable to other 3-loop non-pure-QCD
terms that remain uncalculated at this time. Here I choose to use T , in solidarity with the 1-loop terms
of eq. (3.16) and the pure QCD contributions of eqs. (3.3)-(3.6). This has the practical benefit that if T
is given as an input, t can be extracted without having to re-compute the 2-loop integrals in iteration.
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defined at the MS input renormalization scale
Q0 = 173.34 GeV. (4.7)
These parameters are the same as used in ref. [39]. As mentioned there, the real parts of
the pole masses of the Higgs, W , and Z bosons, as calculated in refs. [37], [38], and [39]
respectively, are:
Mh = 125.09 GeV, (4.8)
MW = 80.329 GeV, (4.9)
MZ = 91.154 GeV, (4.10)
with the latter two corresponding to the experimental Breit-Wigner lineshape masses
M expW = 80.356 GeV, (4.11)
M expZ = 91.188 GeV. (4.12)
Also, although it will play no direct role in the following, I note for completeness that the
running MS Higgs squared mass parameter is m2(Q0) = −(92.890 GeV)2, found by using
the full 2-loop effective potential [31] with the leading QCD and top-Yukawa corrections [32]
and Goldstone boson resummation [34, 35] (see also [36]), while one finds that the value
obtained by including the 4-loop pure QCD corrections to the effective potential [33] is only
slightly different: m2(Q0) = −(92.926 GeV)2. For simplicity, I set yb = 0, because it has a
very small effect, as noted above.
Using these input parameters, the computed top-quark pole mass Mt is shown as a
function of the choice of Q in figure 4.1, in various approximations. The figure was made by
first using the 3-loop Standard Model renormalization group equations, found in refs. [89–94]
and as implemented in the program SMH [37], to run the input parameters from the input
scale Q0 to the scale Q. Then, the formulas of section III are applied to find spole, using TSIL
[72]. In addition to the integrals that are analytically known in terms of polylogarithms, only
12 calls of the relatively time-consuming Runge-Kutta evaluation function TSIL Evaluate
are needed in the full 2-loop case, because multiple basis integrals stemming from the same
master topology are evaluated simultaneously. The total time to compute all of the basis
integrals is well under 1 second on modern desktop or laptop computer hardware. For each
point, a few iterations are required to self-consistently evaluate the complex pole mass,
updating T with each iteration. In practical applications, the process will be different; one
might supply T as an experimental input, and derive t and therefore yt from it. In that case,
as noted in the previous footnote, iteration of the 2-loop part is unnecessary when using
the formulas of section III. In such applications, only the 1-loop part will require iteration,
because of the explicit appearance of yt in eq. (3.16).
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At Q = 173.34 GeV:
λ = 0.12597
yt = 0.93690,
g3 = 1.1666, g = 0.647550,
g’= 0.358521,
v = 246.647 GeV,
FIG. 4.1: The real part Mt of the top-quark pole mass as a function of the MS renor-
malization scale Q at which it is computed, in successive approximations from section III.
The short-dashed (green) line is the result found in pure QCD at 4-loop order from using
eqs. (3.3)-(3.15) in eq. (3.2). The long-dashed (red) line includes also the 1-loop non-QCD
contributions ∆
(1)
non−QCD from eq. (3.16). The dot-dashed (blue) line adds in the 2-loop mixed
QCD contributions ∆
(2)
mixed found in the ancillary file Delta2mixed secIII.txt. The solid
(black) line adds in the 2-loop non-QCD contributions ∆
(2)
non−QCD found in the ancillary file
Delta2nonQCD secIII.txt. The input parameters yt, v, g3, g, g
′, λ at Q are obtained by 3-loop
renormalization group running starting from eqs. (4.1)-(4.7).
The dashed line in figure 4.1 shows the result of the 4-loop pure QCD calculation as given
in eqs. (3.3)-(3.15) above. The pure QCD result forMt is seen to still have a significant scale
dependence of more than 1.7 GeV for 80 GeV < Q < 300 GeV, due to the effects of yt and
the electroweak couplings. This scale dependence is greatly reduced by including also the
1-loop non-QCD contributions from ∆
(1)
non−QCD, as shown by the dashed (red) line. Further
including the 2-loop mixed QCD corrections ∆
(2)
mixed, as shown by the blue (dot-dashed) line,
changes the result by less than 300 MeV for any choice of Q. Finally, using the full set of
contributions in eq. (3.2) by including ∆
(2)
non−QCD as well, one obtains the solid (black) line
with very little Q dependence. Note that with the choice Q =Mt, the most complete result
given here for Mt is approximately 470 MeV lower than the 4-loop pure QCD result.
The complex pole mass also includes the parameter Γt, which corresponds to the total
decay width of the top quark. This is shown in the same way as for Mt in Figure 4.2, again
using the formulas in section III. In this case, the width is 0 as long as only pure QCD effects
are included, so the first approximation shown includes the 4-loop pure QCD together with
the 1-loop non-QCD contributions to the complex pole mass, ∆
(1)
non−QCD, as the short-dashed
(red) line. The long-dashed (blue) line includes also the ∆
(2)
mixed contribution, which lowers the
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1-loop
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FIG. 4.2: The pole mass width Γt of the top quark, as a function of the MS renormaliza-
tion scale Q at which it is computed, in successive approximations from section III. The
short-dashed (red) line is the result found from the 1-loop non-QCD contributions ∆
(1)
non−QCD
from eq. (3.16), in eq. (3.2), together with the pure QCD at 4-loop order from eqs. (3.3)-
(3.15). The long-dashed (blue) line adds in the 2-loop mixed QCD contributions ∆
(2)
mixed. The
solid (black) line adds in the 2-loop non-QCD contributions ∆
(2)
non−QCD. The input parame-
ters yt, v, g3, g, g
′, λ at Q are obtained by 3-loop renormalization group running starting from
eqs. (4.1)-(4.7).
prediction for the width by about 10%, but without a dramatic effect on the Q-dependence.
Finally, including the full 2-loop effects (on top of the pure QCD 4-loop part) significantly
reduces the Q-dependence. This is shown as the solid (black) line in figure 4.2. Of course,
this result for Γt is not as useful or complete as a fully differential NNLO calculation of the
decay width, as described for example in refs. [95, 96] and references therein. However, it is
reassuring that the result found here is very nearly Q-independent.
In presenting the results above, I chose to use the expansion of section III rather than that
of section II. At least in the case of the width Γt, it seems clear that the kinematics of the
decay will be best captured by using the (real part of the) pole squared mass T rather than
the running squared mass t as the external momentum squared in the loop integrals, since in
general t is not close to the physical squared mass of the decaying top quark. However, the
two expansions are formally equivalent within the approximations being used. The difference
between them is a measure of the uncertainty introduced by the truncation of perturbation
theory. This is illustrated in figure 4.3, which shows the results for Mt and Γt for the full
2-loop + pure QCD 4-loop expansions in terms of t from section II as dashed lines and in
terms of T from section III as solid lines.
The expansion in terms of T in section III has a Q dependence that is slightly better for
Mt, and significantly better for Γt, than the expansion in terms of t in section II. For Γt,
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FIG. 4.3: Comparisons of the real (Mt, left panel) and imaginary (Γt, right panel) parts of
the complex top-quark pole mass M2t − iΓtMt, computed using the “expansion around tree”
method of section II (dashed lines), and the “expansion around pole” method of section III
(solid lines). The input parameters yt, v, g3, g, g
′, λ at the renormalization scale Q are obtained
by 3-loop renormalization group running starting from eqs. (4.1)-(4.7). The differences be-
tween the methods are formally of 5-loop order in pure QCD and 3-loop order in the remaining
contributions.
this is in accord with the expectation that the expansion in terms of T should give a better
approximation to the total decay width. For Mt, the total variation as Q is varied from 80
GeV to 300 GeV is only about 100 MeV. As usual, theQ dependence is only a lower bound on
the theoretical error, but this seems to be reassuringly small compared to the experimental
sources of error and uncertainty, at least for now. Of greater importance in the LHC era
is the connection [7] between the experimental “Monte Carlo mass” determination and the
pole mass or other physical versions of the top-quark mass to which it can be related by
other calculations.
V. OUTLOOK
In this paper I have presented the complex top-quark pole mass at full 2-loop order,
augmented by the known 4-loop QCD contributions, in the pure MS scheme. The VEV
is defined to be the minimum of the full effective potential, which makes it a specifically
Landau gauge quantity, but avoids tadpole graphs. Since the VEV is dependent on the
renormalization group scale, and therefore not a direct physical observable anyway, it should
not be too worrisome that it is defined to be gauge-fixing dependent. The results found here
are an alternative to the results of [29], which uses a tree-level definition of the running VEV
that is independent of gauge-fixing but requires the presence of tadpole graphs that yield
powers of 1/λ in perturbative expansions.
The results obtained in this paper differ in form, even at 1-loop order, from those found
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by other groups, due to the different definition of the VEV. However, one can check that
at least the 1-loop contribution of eq. (2.20) is consistent with, for example, eq. (B.5) in
ref. [21] or eqs. (60) and (70) of [29], after taking into account eq. (1.9) of the present paper.
In ref. [29] it was noted that the 1/λℓ tadpole effects at loop order ℓ can all be absorbed
into a running (Q-dependent) quantity ∆r¯, defined in terms of the Fermi constant and MS
quantities, including the tree-level VEV, by
GF =
1 +∆r¯√
2 v2tree
. (5.1)
In view of eq. (1.9) above, one can write instead,
GF =
1 +∆r˜√
2 v2
, (5.2)
where the quantity ∆r˜ is gauge-fixing dependent (because v is), but free of tadpoles, and in
Landau gauge is related to ∆r¯ by the exact relation
1 + ∆r¯ = (1 + ∆r˜)
(
1 +
1
λv2
∞∑
ℓ=1
1
(16π2)ℓ
∆̂ℓ
)
. (5.3)
Some care must be taken in interpreting this, because the left side is implicitly a function of
vtree, and the right side a function of v, so that eq. (1.9) must be used again on the left side
when making the equivalence beyond 1-loop order. I have checked that with this definition,
∆r˜ is indeed tadpole-free through 2-loop order, at least in the gaugeless limit for ∆r¯ that
was presented explicitly in eqs. (37)-(39) of ref. [28].
The 2-loop mixed and non-QCD results found in this paper are too complicated to show
in print, and not amenable to unassisted human estimate anyway, so they were provided
explicitly in electronic form in four ancillary files. In the near future, they will be incorpo-
rated into a publicly available computer program library, together with the results for the
pole masses of the Higgs scalar and the W and Z bosons, as found in refs. [37–39] using
the same scheme as here. (For a recent program with similar aims but based on a different
organization of perturbation theory, see [68].) The QCD coupling g3 is determined from
other measurements. In addition, the QED coupling combination gg′/
√
g2 + g′2, can be ob-
tained from very low-energy experiments and renormalization group running, and the VEV
can be related to the Fermi constant GF through radiative corrections, in several different
schemes. In the forthcoming program, one will be able to specify either the MS inputs yt, g3,
g, g′, λ, v with the pole masses as outputs, or to specify the pole masses as inputs with the
corresponding MS parameters as outputs, or various combinations thereof. This program
will be an extension of the Higgs mass program SMH [37], and will also include the most
advanced effective potential minimization and renormalization group running available.
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Appendix A SOME TWO-LOOP INTEGRAL IDENTITIES
Listed below are some identities that hold between different 2-loop basis integrals in the
notation of ref. [72], for one or more squared mass arguments equal to 0. The external
momentum squared invariant is denoted s, and internal propagator squared masses are
denoted x, y, z. In the results of section II, s is set equal to the tree-level top-quark squared
mass t, while s is set equal to T = Re[spole] in section III.
I(0, 0, x) = −x(1 + π2/6) + A(x)− A(x)2/2x, (A.1)
I(0, x, x) = −2x+ 2A(x)− A(x)2/x, (A.2)
S(0, x, y) = 5s/8− x− y + [x(x− s)T (x, 0, y) + y(y − s)T (y, 0, x)
+(s− x− 3y)A(x)/2 + (s− 3x− y)A(y)/2 + A(x)A(y)
+(s2 − 2sx− 2sy + x2 − 2xy + y2)B(x, y)/2]/(s− x− y), (A.3)
S(0, 0, x) = −xT (x, 0, 0) + (s− x)B(0, x)/2 + A(x)/2− x+ 5s/8, (A.4)
U(x, 0, y, z) = [1/(z − y) + 1/(s− x)] yT (y, x, z) + [1/(y − z) + 1/(s− x)] zT (z, x, y)
+
[
2xT (x, y, z) + 2S(x, y, z)− I(0, y, z)− A(x)− A(y)− A(z)
+x+ y + z − s/4]/(s− x) +B(0, x)[A(y)−A(z)]/(z − y), (A.5)
U(x, 0, y, y) =
[
(s− x− 4y)T (y, y, x)− 4xT (x, y, y)− 4S(x, y, y)
+2I(0, y, y) + 2A(x) + 4A(y)− 3x− 4y + 3s/2]/(x− s)
−[1 + A(y)/y]B(0, x), (A.6)
U(x, y, 0, y) = 1− T (y, 0, x) + [1− A(y)/y]B(x, y), (A.7)
U(x, 0, 0, 0) = 1− T (0, 0, x) + 2B(0, x). (A.8)
The remaining identities below hold only with s = t, with t being one or more of the internal
propagator squared masses, as indicated.
B(0, t) = 1−A(t)/t, (A.9)
S(0, 0, t) = (5/8− π2/3)t+ A(t)/2− A(t)2/2t, (A.10)
S(t, x, y) = −3t/8− tT (t, x, y) + [A(t) + A(x) + A(y)− x− y
+I(0, x, y)− xT (x, t, y)− yT (y, t, x)]/2, (A.11)
S(t, t, t) = −3t/8 + 5A(t)/2− 3A(t)2/2t, (A.12)
T (t, 0, 0) = −1 + π2/3 + A(t)2/2t2, (A.13)
T (t, 0, t) = −π2/18− A(t)/t+ A(t)2/2t2 − B(t, t) (A.14)
T (t, 0, x) = [−(π2/12)x− A(t) + A(t)A(x)/x− A(x)2/4x]/t
−B(t, x) + (x/2t− 1)[T (x, 0, t) +B(t, x) + A(x)/x], (A.15)
T (t, x, x) = −2− T (x, x, t) + A(t)/t− A(x)/x+ A(t)A(x)/tx (A.16)
T (t, t, t) = −1 + A(t)2/2t2, (A.17)
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T (0, 0, t) = −π2/3− A(t)2/2t2, (A.18)
U(t, 0, x, y) = {2[t−A(t)][A(y)− A(x)] + t[(y − x)T (t, x, y)
−2xT (x, t, y) + 2yT (y, t, x)]}/(t(x− y)), (A.19)
U(t, 0, 0, x) = (2− x/2t)B(t, x)− (1 + x/2t)T (x, 0, t) + A(x)A(t)/tx
+A(x)2/4tx− [1/x+ 1/2t]A(x) + A(t)/t+ (π2/12)x/t, (A.20)
U(t, 0, 0, 0) = 3 + π2/3− 2A(t)/t + A(t)2/2t2, (A.21)
U(t, 0, t, t) = 3− 2π2/3− 2A(t)/t+ A(t)2/2t2, (A.22)
U(0, t, x, y) = [t− x− y − I(t, x, y)]/t+ [2A(x)A(y)− 2yA(x)− 2xA(y)
−x(t− x+ y)T (x, 0, y)− y(t+ x− y)T (y, 0, x)
+(t2 − 2tx− 2ty + x2 − 2xy + y2)B(x, y)]/(t(t− x− y)), (A.23)
U(0, t, t, x) = A(t)/t+ A(x)/x− A(t)A(x)/tx+ [(4t− x)B(t, x)− x
+I(0, 0, x)− 2I(t, t, x) + (2t− x)T (x, 0, t)]/2t, (A.24)
U(0, t, 0, x) = [t− x+ (t− x)B(0, x)− I(0, t, x)− xT (x, 0, 0)]/t, (A.25)
M(0, t, t, 0, t) = (π2 ln(2)− 3ζ3/2)/t. (A.26)
Expansions in higher orders in s − t, which were needed in the calculations of this paper,
are omitted for brevity but can be obtained straightforwardly from the above by using
the differential equations in s listed in section IV of ref. [71]. Similarly, expansions in small
Goldstone boson squared masses G can be obtained using the differential equations in section
III of ref. [71]. These expansions include factors of ln(t− s) and ln(G), which cancel in the
pole squared mass, providing useful checks.
Acknowledgments: This work was supported in part by the National Science Foundation
grant number PHY-1417028.
[1] R. Tarrach, “The Pole Mass in Perturbative QCD,” Nucl. Phys. B 183, 384 (1981).
[2] M. Passera and A. Sirlin, “Radiative corrections to W and quark propagators in the resonance
region,” Phys. Rev. D 58, 113010 (1998) [hep-ph/9804309].
[3] A. S. Kronfeld, “The Perturbative pole mass in QCD,” Phys. Rev. D 58, 051501 (1998)
[hep-ph/9805215].
[4] P. Gambino and P. A. Grassi, “The Nielsen identities of the SM and the definition of mass,”
Phys. Rev. D 62, 076002 (2000) [hep-ph/9907254].
[5] I. I. Y. Bigi, M. A. Shifman, N. G. Uraltsev and A. I. Vainshtein, “The Pole mass of the heavy
quark. Perturbation theory and beyond,” Phys. Rev. D 50, 2234 (1994) [hep-ph/9402360].
[6] M. Beneke and V. M. Braun, “Heavy quark effective theory beyond perturbation theory:
Renormalons, the pole mass and the residual mass term,” Nucl. Phys. B 426, 301 (1994)
[hep-ph/9402364].
[7] See, for example: A. H. Hoang, A. Jain, I. Scimemi and I. W. Stewart, “Infrared Renormaliza-
tion Group Flow for Heavy Quark Masses,” Phys. Rev. Lett. 101, 151602 (2008) [0803.4214].
A. H. Hoang and I. W. Stewart, “Top Mass Measurements from Jets and the Tevatron Top-
Quark Mass,” Nucl. Phys. Proc. Suppl. 185, 220 (2008) [0808.0222]. S. Moch et al., “High
precision fundamental constants at the TeV scale,” [1405.4781]. S. Moch, “Precision determi-
nation of the top-quark mass,” PoS LL 2014, 054 (2014) [1408.6080]. J. Kieseler, K. Lipka
21
and S. O. Moch, “Calibration of the Top-Quark Monte-Carlo Mass,” [1511.00841].
[8] M. Beneke, “A Quark mass definition adequate for threshold problems,” Phys. Lett. B 434,
115 (1998) [hep-ph/9804241].
[9] A. Pineda and F. J. Yndurain, “Calculation of quarkonium spectrum and m(b), m(c) to
order alpha-s**4,” Phys. Rev. D 58, 094022 (1998) [hep-ph/9711287], K. Melnikov and
A. Yelkhovsky, “The b quark low scale running mass from Upsilon sum rules,” Phys. Rev. D
59, 114009 (1999) [hep-ph/9805270], A. H. Hoang, Z. Ligeti and A. V. Manohar, “B decay
and the Upsilon mass,” Phys. Rev. Lett. 82, 277 (1999) hep-ph/9809423]; “B decays in the
upsilon expansion,” Phys. Rev. D 59, 074017 (1999) [hep-ph/9811239],
[10] A. H. Hoang and T. Teubner, “Top quark pair production close to threshold: Top mass, width
and momentum distribution,” Phys. Rev. D 60, 114027 (1999) [hep-ph/9904468].
[11] N. Gray, D. J. Broadhurst, W. Grafe and K. Schilcher, “Three-loop relation of quark MS and
pole masses,” Z. Phys. C 48, 673 (1990).
[12] L. V. Avdeev and M. Y. Kalmykov, “Pole masses of quarks in dimensional reduction,” Nucl.
Phys. B 502, 419 (1997) [hep-ph/9701308].
[13] J. Fleischer, F. Jegerlehner, O. V. Tarasov and O. L. Veretin, “Two loop QCD corrections
of the massive fermion propagator,” Nucl. Phys. B 539, 671 (1999) Erratum: [Nucl. Phys. B
571, 511 (2000)] [hep-ph/9803493].
[14] K. Melnikov and T. v. Ritbergen, “The three-loop relation between the MS and the pole quark
masses,” Phys. Lett. B 482, 99 (2000) [hep-ph/9912391].
[15] K. G. Chetyrkin, B. A. Kniehl and A. Sirlin, “Estimations of order alpha-s**3 and alpha-s**4
corrections to mass dependent observables,” Phys. Lett. B 402, 359 (1997) [hep-ph/9703226].
[16] K. G. Chetyrkin and M. Steinhauser, “Short distance mass of a heavy quark at order α3s,”
Phys. Rev. Lett. 83, 4001 (1999) [hep-ph/9907509]; K. G. Chetyrkin and M. Steinhauser,
“The Relation between the MS-bar and the on-shell quark mass at order alpha(s)**3,” Nucl.
Phys. B 573, 617 (2000) [hep-ph/9911434].
[17] K. G. Chetyrkin, J. H. Kuhn and M. Steinhauser, “RunDec: A Mathematica package for
running and decoupling of the strong coupling and quark masses,” Comput. Phys. Commun.
133, 43 (2000) [hep-ph/0004189].
[18] P. Marquard, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, “Quark Mass Relations
to Four-Loop Order in Perturbative QCD,” Phys. Rev. Lett. 114, no. 14, 142002 (2015)
[1502.01030].
[19] M. Bohm, H. Spiesberger and W. Hollik, “On the One Loop Renormalization of the Elec-
troweak Standard Model and Its Application to Leptonic Processes,” Fortsch. Phys. 34, 687
(1986).
[20] R. Hempfling and B. A. Kniehl, “On the relation between the fermion pole mass and MS
Yukawa coupling in the standard model,” Phys. Rev. D 51, 1386 (1995) [hep-ph/9408313].
[21] F. Jegerlehner, M. Y. Kalmykov and O. Veretin, “MS-bar versus pole masses of gauge bosons.
2. Two loop electroweak fermion corrections,” Nucl. Phys. B 658, 49 (2003) [hep-ph/0212319].
[22] F. Jegerlehner and M. Y. Kalmykov, “O(ααs) correction to the pole mass of the t quark within
the standard model,” Nucl. Phys. B 676, 365 (2004) [hep-ph/0308216].
[23] D. Eiras and M. Steinhauser, “Two-loop O(alpha alpha(s)) corrections to the on-shell fermion
propagator in the standard model,” JHEP 0602, 010 (2006) [hep-ph/0512099].
[24] M. Faisst, J. H. Kuhn, T. Seidensticker and O. Veretin, “Three loop top quark contributions
to the rho parameter,” Nucl. Phys. B 665, 649 (2003) [hep-ph/0302275].
[25] F. Jegerlehner and M. Y. Kalmykov, “O(alpha alpha(s)) relation between pole- and MS-bar
mass of the t quark,” Acta Phys. Polon. B 34, 5335 (2003) [hep-ph/0310361].
[26] M. Faisst, J. H. Kuhn and O. Veretin, “Pole versus MS mass definitions in the electroweak
theory,” Phys. Lett. B 589, 35 (2004) [hep-ph/0403026].
[27] S. P. Martin, “Fermion self-energies and pole masses at two-loop order in a general renormal-
izable theory with massless gauge bosons,” Phys. Rev. D 72, 096008 (2005) [hep-ph/0509115].
[28] B. A. Kniehl and O. L. Veretin, “Two-loop electroweak threshold corrections to the bottom
and top Yukawa couplings,” Nucl. Phys. B 885, 459 (2014) [Nucl. Phys. B 894, 56 (2015)]
[1401.1844].
[29] B. A. Kniehl, A. F. Pikelner and O. L. Veretin, “Two-loop electroweak threshold corrections
22
in the Standard Model,” Nucl. Phys. B 896, 19 (2015) [1503.02138].
[30] F. Jegerlehner, M. Y. Kalmykov and B. A. Kniehl, “On the difference between the pole and
the MS masses of the top quark at the electroweak scale,” Phys. Lett. B 722, 123 (2013)
[1212.4319].
[31] C. Ford, I. Jack and D. R. T. Jones, “The Standard model effective potential at two loops,”
Nucl. Phys. B 387, 373 (1992) [Erratum-ibid. B 504, 551 (1997)] [hep-ph/0111190].
[32] S. P. Martin, “Three-loop Standard Model effective potential at leading order in strong and
top Yukawa couplings,” Phys. Rev. D 89, 013003 (2014) [1310.7553].
[33] S. P. Martin, “Four-loop Standard Model effective potential at leading order in QCD,” Phys.
Rev. D 92, no. 5, 054029 (2015) [1508.00912].
[34] S. P. Martin, “Taming the Goldstone contributions to the effective potential,” Phys. Rev. D
90, no. 1, 016013 (2014) [1406.2355].
[35] J. Elias-Miro, J. R. Espinosa and T. Konstandin, “Taming Infrared Divergences in the Effective
Potential,” JHEP 1408, 034 (2014) [1406.2652].
[36] A. Pilaftsis and D. Teresi, “Symmetry-Improved 2PI Approach to the Goldstone-Boson IR
Problem of the SM Effective Potential,” Nucl. Phys. B 906, 381 (2016) [1511.05347].
[37] S. P. Martin and D. G. Robertson, “Higgs boson mass in the Standard Model at two-loop
order and beyond,” Phys. Rev. D 90, no. 7, 073010 (2014) [1407.4336]. The source code for
the program SMH is available at http://www.niu.edu/spmartin/SMH
[38] S. P. Martin, “Pole mass of the W boson at two-loop order in the pure MS scheme,” Phys.
Rev. D 91, no. 11, 114003 (2015) [1503.03782].
[39] S. P. Martin, “Z-boson pole mass at two-loop order in the pure MS scheme,” Phys. Rev. D
92, no. 1, 014026 (2015) [1505.04833].
[40] A. Sirlin, “Radiative Corrections in the SU(2)L × U(1) Theory: A Simple Renormalization
Framework,” Phys. Rev. D 22, 971 (1980).
[41] W. J. Marciano and A. Sirlin, “Radiative Corrections to Neutrino Induced Neutral Current
Phenomena in the SU(2)L × U(1) Theory,” Phys. Rev. D 22, 2695 (1980) [Erratum-ibid. D
31, 213 (1985)].
[42] A. Sirlin, “On the O(α2) Corrections to τµ, mW , mZ in the SU(2)L × U(1) Theory,” Phys.
Rev. D 29, 89 (1984).
[43] A. Djouadi and C. Verzegnassi, “Virtual Very Heavy Top Effects in LEP/SLC Precision
Measurements,” Phys. Lett. B 195, 265 (1987). A. Djouadi, “O(ααs) Vacuum Polarization
Functions of the Standard Model Gauge Bosons,” Nuovo Cim. A 100, 357 (1988).
[44] M. Consoli, W. Hollik and F. Jegerlehner, “The Effect of the Top Quark on the MW −MZ
Interdependence and Possible Decoupling of Heavy Fermions from Low-Energy Physics,” Phys.
Lett. B 227, 167 (1989).
[45] B. A. Kniehl, “Two Loop Corrections to the Vacuum Polarizations in Perturbative QCD,”
Nucl. Phys. B 347, 86 (1990). F. Halzen and B. A. Kniehl, “∆r beyond one loop,” Nucl. Phys.
B 353, 567 (1991).
[46] A. Djouadi and P. Gambino, “Electroweak gauge bosons selfenergies: Complete QCD correc-
tions,” Phys. Rev. D 49, 3499 (1994) [Erratum-ibid. D 53, 4111 (1996)] [hep-ph/9309298].
[47] L. Avdeev, J. Fleischer, S. Mikhailov and O. Tarasov, “O(αα2s) correction to the elec-
troweak rho parameter,” Phys. Lett. B 336, 560 (1994) [Erratum-ibid. B 349, 597 (1995)]
[hep-ph/9406363].
[48] K. G. Chetyrkin, J. H. Kuhn and M. Steinhauser, “Corrections of order O(GFM2t α2s) to the
ρ parameter,” Phys. Lett. B 351, 331 (1995) [hep-ph/9502291].
[49] K. G. Chetyrkin, J. H. Kuhn and M. Steinhauser, “QCD corrections from top quark to
relations between electroweak parameters to order α2s,” Phys. Rev. Lett. 75, 3394 (1995)
[hep-ph/9504413].
[50] G. Degrassi, P. Gambino and A. Vicini, “Two loop heavy top effects on the mZ −mW inter-
dependence,” Phys. Lett. B 383, 219 (1996) [hep-ph/9603374].
[51] G. Degrassi, P. Gambino and A. Sirlin, “Precise calculation of MW , sin
2 θW (MZ), and
sin2 θeff.lept.,” Phys. Lett. B 394, 188 (1997) [hep-ph/9611363].
[52] G. Degrassi, P. Gambino, M. Passera and A. Sirlin, “The Role of MW in precision studies of
the standard model,” Phys. Lett. B 418, 209 (1998) [hep-ph/9708311].
23
[53] A. Freitas, W. Hollik, W. Walter and G. Weiglein, “Complete fermionic two loop results for
the MW −MZ interdependence,” Phys. Lett. B 495, 338 (2000) [Erratum-ibid. B 570, 260
(2003)] [hep-ph/0007091]; “Electroweak two loop corrections to theMW−MZ mass correlation
in the standard model,” Nucl. Phys. B 632, 189 (2002) [Erratum-ibid. B 666, 305 (2003)]
[hep-ph/0202131].
[54] F. Jegerlehner, M. Y. Kalmykov and O. Veretin, “MS versus pole masses of gauge bosons:
Electroweak bosonic two loop corrections,” Nucl. Phys. B 641, 285 (2002) [hep-ph/0105304];
[55] M. Awramik and M. Czakon, “Complete two loop bosonic contributions to the muon lifetime
in the standard model,” Phys. Rev. Lett. 89, 241801 (2002) [hep-ph/0208113]. A. Onishchenko
and O. Veretin, “Two loop bosonic electroweak corrections to the muon lifetime andMZ−MW
interdependence,” Phys. Lett. B 551, 111 (2003) [hep-ph/0209010]. M. Awramik, M. Czakon,
A. Onishchenko and O. Veretin, “Bosonic corrections to ∆r at the two loop level,” Phys. Rev.
D 68, 053004 (2003) [hep-ph/0209084].
[56] M. Awramik and M. Czakon, “Complete two loop electroweak contributions to the muon
lifetime in the standard model,” Phys. Lett. B 568, 48 (2003) [hep-ph/0305248].
[57] M. Awramik, M. Czakon, A. Freitas and G. Weiglein, “Precise prediction for the W boson
mass in the standard model,” Phys. Rev. D 69, 053006 (2004) [hep-ph/0311148].
[58] Y. Schroder and M. Steinhauser, “Four-loop singlet contribution to the ρ parameter,” Phys.
Lett. B 622, 124 (2005) [hep-ph/0504055].
[59] K. G. Chetyrkin, M. Faisst, J. H. Kuhn, P. Maierhofer and C. Sturm, “Four-Loop QCD
Corrections to the ρ Parameter,” Phys. Rev. Lett. 97, 102003 (2006) [hep-ph/0605201].
[60] R. Boughezal and M. Czakon, “Single scale tadpoles and O(GFm
2
tα
3
s) corrections to the ρ
parameter,” Nucl. Phys. B 755, 221 (2006) [hep-ph/0606232].
[61] A. Sirlin and A. Ferroglia, “Radiative Corrections in Precision Electroweak Physics: a Histor-
ical Perspective,” Rev. Mod. Phys. 85, no. 1, 263297 (2013) [1210.5296].
[62] G. Degrassi, P. Gambino and P. P. Giardino, “The mW −mZ interdependence in the Standard
Model: a new scrutiny,” [1411.7040].
[63] B. A. Kniehl, “Two loop O (alpha-s G(F) M(t)**2) corrections to the fermionic decay rates
of the standard model Higgs boson,” Phys. Rev. D 50, 3314 (1994) [hep-ph/9405299].
[64] A. Djouadi and P. Gambino, “QCD corrections to Higgs boson selfenergies and fermionic
decay widths,” Phys. Rev. D 51, 218 (1995) Erratum: [Phys. Rev. D 53, 4111 (1996)]
[hep-ph/9406431].
[65] F. Bezrukov, M. Y. Kalmykov, B. A. Kniehl and M. Shaposhnikov, “Higgs Boson Mass and
New Physics,” JHEP 1210, 140 (2012) [1205.2893].
[66] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa, G. F. Giudice, G. Isidori and A. Strumia,
“Higgs mass and vacuum stability in the Standard Model at NNLO,” JHEP 1208, 098 (2012)
[1205.6497].
[67] D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice, F. Sala, A. Salvio and A. Strumia,
“Investigating the near-criticality of the Higgs boson,” JHEP 1312, 089 (2013) [1307.3536].
[68] B. A. Kniehl, A. F. Pikelner and O. L. Veretin, “mr: a C++ library for the matching and
running of the Standard Model parameters,” [1601.08143].
[69] H. K. Dreiner, H. E. Haber and S. P. Martin, “Two-component spinor techniques and Feynman
rules for quantum field theory and supersymmetry,” Phys. Rept. 494, 1 (2010) [0812.1594].
[70] O. V. Tarasov, “Generalized recurrence relations for two loop propagator integrals with arbi-
trary masses,” Nucl. Phys. B 502, 455 (1997) [hep-ph/9703319].
[71] S. P. Martin, “Evaluation of two loop self-energy basis integrals using differential equations,”
Phys. Rev. D 68, 075002 (2003) [hep-ph/0307101].
[72] S. P. Martin and D. G. Robertson, “TSIL: A Program for the calculation of two-loop self-
energy integrals,” Comput. Phys. Commun. 174, 133 (2006) [hep-ph/0501132].
[73] D. J. Broadhurst, “The Master Two Loop Diagram With Masses,” Z. Phys. C 47, 115 (1990).
[74] R. Scharf and J. B. Tausk, “Scalar two loop integrals for gauge boson selfenergy diagrams
with a massless fermion loop”, Nucl. Phys. B 412, 523 (1994).
[75] F. A. Berends and J. B. Tausk, “On the numerical evaluation of scalar two loop selfenergy
diagrams,” Nucl. Phys. B 421, 456 (1994).
[76] F. A. Berends, A. I. Davydychev and N. I. Ussyukina, “Threshold and pseudothreshold values
of the sunset diagram,” Phys. Lett. B 426, 95 (1998) [hep-ph/9712209].
24
[77] A. I. Davydychev and A. G. Grozin, “Effect of m(c) on b quark chromomagnetic interac-
tion and on-shell two loop integrals with two masses,” Phys. Rev. D 59, 054023 (1999)
[hep-ph/9809589].
[78] J. Fleischer, M. Y. Kalmykov and A. V. Kotikov, “Two loop selfenergy master integrals on-
shell,” Phys. Lett. B 462, 169 (1999) [hep-ph/9905249].
[79] S. P. Martin, “Two loop scalar self energies in a general renormalizable theory at leading order
in gauge couplings,” Phys. Rev. D 70, 016005 (2004) [hep-ph/0312092].
[80] M. Caffo, H. Czyz, S. Laporta and E. Remiddi, “The Master differential equations for the two
loop sunrise selfmass amplitudes,” Nuovo Cim. A 111, 365 (1998) [hep-th/9805118], M. Caffo,
H. Czyz and E. Remiddi, “Numerical evaluation of the general massive 2 loop sunrise selfmass
master integrals from differential equations,” Nucl. Phys. B 634, 309 (2002) [hep-ph/0203256].
M. Caffo, H. Czyz, A. Grzelinska and E. Remiddi, “Numerical evaluation of the general massive
2 loop 4 denominator selfmass master integral from differential equations,” Nucl. Phys. B 681,
230 (2004) [hep-ph/0312189].
[81] W. E. Caswell, “Asymptotic Behavior of Nonabelian Gauge Theories to Two Loop Order,”
Phys. Rev. Lett. 33, 244 (1974). D. R. T. Jones, “Two Loop Diagrams in Yang-Mills Theory,”
Nucl. Phys. B 75, 531 (1974).
[82] O. V. Tarasov, A. A. Vladimirov and A. Y. Zharkov, “The Gell-Mann-Low Function of QCD
in the Three Loop Approximation,” Phys. Lett. B 93, 429 (1980).
[83] M. Fischler and J. Oliensis, “Two Loop Corrections to the Evolution of the Higgs-Yukawa
Coupling Constant,” Phys. Lett. B 119, 385 (1982).
[84] O.V. Tarasov, “Anomalous Dimensions Of Quark Masses In Three Loop Approximation,”
preprint JINR P2-82-900 (1982).
[85] S. A. Larin, “The Renormalization of the axial anomaly in dimensional regularization,” Phys.
Lett. B 303, 113 (1993) [hep-ph/9302240]; In Proc. of the Int. Baksan School ”Particles
and Cosmology” (April 22-27, 1993, Kabardino-Balkaria, Russia) eds. E.N. Alexeev, V.A.
Matveev, Kh.S. Nirov, V.A. Rubakov (World Scientific, Singapore, 1994).
[86] K. G. Chetyrkin, “Quark mass anomalous dimension to O(alpha-s**4),” Phys. Lett. B 404,
161 (1997) [hep-ph/9703278].
[87] J. A. M. Vermaseren, S. A. Larin and T. van Ritbergen, “The four loop quark mass anomalous
dimension and the invariant quark mass,” Phys. Lett. B 405, 327 (1997) [hep-ph/9703284].
[88] A. L. Kataev and V. S. Molokoedov, “On the flavour dependence of the O(α4s) correction to
the relation between running and pole heavy quark masses,” [1511.06898].
[89] M. E. Machacek and M. T. Vaughn, “Two Loop Renormalization Group Equations in a
General Quantum Field Theory. 1. Wave Function Renormalization,” Nucl. Phys. B 222, 83
(1983).
[90] M. E. Machacek and M. T. Vaughn, “Two Loop Renormalization Group Equations in a
General Quantum Field Theory. 2. Yukawa Couplings,” Nucl. Phys. B 236, 221 (1984).
[91] I. Jack and H. Osborn, “General Background Field Calculations With Fermion Fields,” Nucl.
Phys. B 249, 472 (1985).
[92] M. E. Machacek and M. T. Vaughn, “Two Loop Renormalization Group Equations in a
General Quantum Field Theory. 3. Scalar Quartic Couplings,” Nucl. Phys. B 249, 70 (1985).
[93] K. G. Chetyrkin and M. F. Zoller, “Three-loop β-functions for top-Yukawa and the Higgs
self-interaction in the Standard Model,” JHEP 1206, 033 (2012) [1205.2892]; “β-function for
the Higgs self-interaction in the Standard Model at three-loop level,” JHEP 1304, 091 (2013)
[1303.2890].
[94] A. V. Bednyakov, A. F. Pikelner and V. N. Velizhanin, “Anomalous dimensions of gauge fields
and gauge coupling beta-functions in the Standard Model at three loops,” JHEP 1301, 017
(2013) [1210.6873]; “Yukawa coupling beta-functions in the Standard Model at three loops,”
Phys. Lett. B 722, 336 (2013) [1212.6829]; “Higgs self-coupling beta-function in the Standard
Model at three loops,” Nucl. Phys. B 875, 552 (2013) [1303.4364].
[95] J. Gao, C. S. Li and H. X. Zhu, “Top Quark Decay at Next-to-Next-to Leading Order in
QCD,” Phys. Rev. Lett. 110, no. 4, 042001 (2013) [1210.2808].
[96] M. Brucherseifer, F. Caola and K. Melnikov, “O(α2s) corrections to fully-differential top quark
decays,” JHEP 1304, 059 (2013) [1301.7133].
